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Abstract We study nonlinear elliptic equations in divergence form
div A(x, Du) = div G.

When A has linear growth in Du, and assuming that x +— A(x, &) enjoys BY 1 g smooth-

ness, local well-posedness is found in B“ for certain values of p € [2, 7) and q € [1, o0].
In the particular case A(x,£§) = A(x)§,G = 0and A € B"‘ ,1 < g < oo, we obtain

Du € B}, foreach p < 2. Our main tool in the proof i is a more general result, that
holds also if A has growth s — 1 in Du, 2 < s < n, and asserts local well-posedness
in L9 for each ¢ > s, provided that x +— A(x, &) satisfies a locally uniform VMO
condition.
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1 Introduction

The main purpose of this paper consists of analyzing the extra fractional differentiability of
weak solutions of the following nonlinear elliptic equations in divergence form,

div A(x, Du) =divG in €, (1.1)

where @ C R*isadomain,u : Q - R G:Q - R, and A: QxR" - R'isa
Carathéodory function with linear growth. This means that there are constants £, L, v > 0
and 0 < u < 1 such that

(AD  (A®,§) — Ax, ), § — 1) = vIgE —nl,
(A2) A, &) — A, m] < LIE —nl,

(A3) A, £)] < L2 + €D,

for every &, n € R" and for a.e. x € Q.

It is clear that no extra differentiability can be expected for solutions, even if G is smooth,
unless some assumption is given on the x-dependence of A. Thus, we wish to find condi-
tions on A under which fractional differentiability assumptions on G transfer to Du with
no losses in the order of differentiation.

The regularity theory for elliptic equations goes back to the seminal works by de Giorgi,
Nash and Moser on Holder continuity of weak solutions. Later on, for linear equations,
Meyers found the existence of a number po(n, v, L, £) such that a priori L? estimates for
the gradient hold whenever p, < p < po. In both cases, no regularity for the coefficients is
needed (other than measurability). Also, both the C* and the L? theory have been extended
to nonlinear Carathéodory functions .4 not necessarily having linear growth (we refer the
interested reader to the monographs [6] and [8] for a complete treatment of the subject).
If one seeks for higher differentiability results, then extra assumptions are needed on the
coefficients. The classical Schauder estimates are a typical example of this fact, and can be
used to prove that Holder regularity on the independent term G transfers to the gradient Du
in a nice way, provided the dependence x +—> A(x, &) is also Holder. A very precise and
unified description of such phenomenon can be found at Kuusi-Mingione [20].

Even though there is an extensive literature on the regularity theory for equations like
(1.1), recent works in the planar situation, » = 2, have shown a renovated interest in
determining the higher differentiability of solutions in terms of that of the datum and the
coefficients. So far, especial attention has been driven to the case of fractional Sobolev
spaces WP Tt turns out that remarkable differences are appreciated, depending on the
quantity ap:

e Ifap > 2,then G € W%4 implies Du € W%9 whenever g < p (see e.g. references
[5] and [19]).
o Ifap =2, then G € W*? implies Du € W% for every g < p, butnotif g = p.
2

The reason is that coefficients in W;Z’f do not necessarily imply bounded derivative
solutions. Precise results in this direction are given in [3] (for « = 1) or [2] (for 0 <
a < 1).

o Ifap < 2,then G € W*9 implies Du € W*1? for g < go where go depends on the
ellipticity constants, and is such that gy < p. See for instance [3] for the case ¢ = 1,
and [4] for0 < o < 1.

The results mentioned above refer to the planar Beltrami equation, which is equivalent to
A(x, &) = A(x) & for some A(x) which is symmetric and has determinant 1.
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Fractional Differentiability for Solutions of Nonlinear Elliptic Equations 405

It turns out that similar phenomena seem to occur in higher dimensions. Indeed, recent
developments for nonlinear equations suggest that linearity should not be a restriction, as
appropriate counterparts hold even if 4 has superlinear growth, see for instance [7], [22]
and [23]. In these works, higher differentiability is obtained from a pointwise condition on
the partial map .A. More precisely, for Carathéodory functions A with linear growth, it is
assumed that there exists a non negative function g € Ly, () such that

AL &) — AW 6] < |x — ] (8(0) + g()) (1> + D)2, 1.2)

for almost every x, y € Q, and every § € R”. Under this condition, solutions to Eq. 1.1 with
G = 0 are shown in [23] to be such that Du € Wllo’cp for every p < 2. As a first fractional

n
counterpart to this result, instead of Eq. 1.2 one can assume that there is g € L;? (£2) such
that

AL €) — Ay, §)] < v — yI7 (8(x) + () (1 + [EP)2, (1.3)
for almost every x, y € €, and every £ € R”". Such assumption, together with a Holder
continuity of the coefficients, has been already employed in [18], where various higher
integrability results are obtained. It turns out that one gets improved regularity for solutions
measured in terms of the Besov spaces By .

Theorem 1 Let 0 < a < 1. Assume that A satisfies (A1), (A2), (A3), and that Eq. 1.3
holds for some g € La. There exists po = po(n, v, £) > 2 such that ifu € Wlla’c2 is a weak
solution of

div A(x, Du) =0

then Du € B% _, locally, whenever 2 < p < min{g,po}. If A(x,&) = A(x)& then

Pp,00’
< n j
2 < p < 4 suffices.

See Section 2 for the definition of By , and the meaning of locally. Theorem 1 holds
even for some values p > 2, that is, different than the natural summability for .A. The
reason for this is a non-standard version of the Caccioppoli inequality, see Lemma 14 in
Section 2. We’d like to mention that in [21] a Besov-Nikoski estimate for the gradient of the
solutions with an higher integrability exponent p > 2 is obtained through the application of
the Gehring Lemma to the difference quotients.

At the same time, Theorem 1 seems to be in contrast with the results at [23]. Indeed,
condition (1.2) fully describes equations with coefficients in the Sobolev space W', that
is, the Triebel-Lizorkin space Fnl,2 (see [17] for details), and so in [23] the Triebel-Lizorkin
scale is nicely transferred from coefficients to solutions. Nevertheless, it is worth mention-
ing here that there is a jump between Eqgs. 1.2 and 1.3, since Eq. 1.3 says that A € ng
(see [17] for details). ‘

Unfortunately, the method does not seem to extend to the existing counterparts of Eq. 1.3
that characterize coefficients in Fy q for finite values of g. Somewhat surprisingly, the

o0

o
Besov setting fits better in this context. To be precise, given ) <o < land 1 < g < oo we
say that (A4) is satisfied if there exists a sequence of measurable non-negative functions
gk € L« (£2) such that

q
< 00,
>Nkl o
k
and at the same time

JAGL ) — A, &)1 < v — ¥1% (ge@) + gk () (1+ 63?2
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406 A. L. Baison et al.

for each & € R" and almost every x, y € 2 such that 27k < |x — y| < 27%FL We will
shortly write then that (gi)x € €9(L«). If A(x,&) = A(x)§ and Q = R” then (A4) says
that the entries of A belong to B o see [17, Theorem 1.2]. Under (A4), we can prove the

following result.

Theorem 2 Let 0 < o < land 1 < g < oo, and assume that A satisfies
(.Al) (A2), (A3), (A4). There exists a number py = po(n,v,£) > 2 such that if u €

Wi (Q) is a weak solution of

div A(x, Du) =0

then Du € By , provided that 2 < p < min{y, po}. If A(x,§) = A(x)§ then2 < p < %
suffices.

Theorem 2 extends Theorem 1, because Eq. 1.3 implies (A4) (indeed F§ o C B o)
The situation changes drastically if one looks at the inhomogeneous Eq. 1 l leflcultles

appear mainly with the third index ¢, due to the fact thatif 1 < p < 7 and pj;, = then

n—otp
the embedding B;‘y q C LPa only holds if 1 < ¢ < p7, and fails otherwise. We obtain the
following result.

Theorem 3 Let 0 < o < 1, and 1 < g < oo. Assume that A satisfies
(A1), (A2), (A3), (A4). There exists a number py = po(n,v,£) > 2 such that the
implication

o o
GeBP,q = DueBP,q

holds locally, provided that max{p,, =1} < p < min{Z, po} and u, G satisfy (1.1).

L
n+aq

The above theorem is sharp, in the sense that one cannot expect Du to belong to a Besov
space Bﬁ i for any B > « (as can be seen from the constant coefficient setting). Moreover,

our arguments also show that the restriction p(’) < p < po can be removed if A is linear in
the gradient variable. In fact, we have the following

Theorem 4 Let 0 < a < 1 and 1 < g < oo, and assume that A(x, §) = A(x)E satisfies
(A1), (A2), (A3). Suppose that the entries of A(x) belong to B e Then the implication

o o
GeB, = Du € B%,,

holds locally, provided that max{1 }<p< ﬂ and u, G satisfy (1.1).

’ n+aq

We do not know if Theorems 2, 3 and 4 remain true in the Triebel-Lizorkin setting, that
is, replacing £4 (L&) by L (¢9) and B, by Fy,

Theorems 1, 2, 3 and 4 rely on the basic fact that the Besov spaces B and the Triebel-
Lizorkin space F o continuously embed into the VM O space of Sarason (e.g. [11, Prop.

7.12]). Linear equatlons with VM O coefficients are known to have a nice L? theory (see
[12] for n = 2 or [14] for n > 2). A first nonlinear growth counterpart was found in
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Fractional Differentiability for Solutions of Nonlinear Elliptic Equations 407

[15] for A(x, &) = (A(x)&, £ 2 A(x)E,2 < 5 < n. Given s € [2,n], we say that A :
Q x R" — R" is a Carathéodory function of growth s — 1 if there are constants L, £, v > 0
and 0 < u < 1 such that

(AD  (AG. ) = AGr ). =) = v + 62+ 1) T 16 =,
(A2) AG, &) = AGx, mI < L2 + € +nl») 71§ = nl, and
A3) A H < +1EDT,

The following result is our main tool for proving Theorems 1, 2, 3 and 4.

Theorem 5 Let2 < s < n, and q > s. Assume that (A1), (A2), (A3) hold, and also that
x = A(x, &) is locally uniformly in VM O. If u is a weak solution of

divA(x, Du) = div(|G|*"%G) (1.4)

with G € L?OC, then Du € Lfoc. Moreover, there exists a constant A > 1 such that the
Caccioppoli inequality

' 1
|[Dulf < C(n, 1, v,¢,L,s,q) (1 + 7][ lu|? —I—][ |G|‘7>
.7[1; |Bl4/" ] sm AB
holds for any ball B such that AB C Q.

See Section 3 for the precise definition of locally uniformly VMO. The proof of Theo-
rem 5 is inspired by that of [15], although now new technical difficulties arise from the fully
nonlinear structure of A. The result has its own interest, especially for two reasons. First,
& — A(x, &) is not assumed to be C'-smooth. Second, the allowed independent terms do
not restrict to finite measures. Under these assumptions many interesting bounds on the size
and the oscillations of the solutions and gradients are established in [19] and [20]. Unfor-
tunately, and in contrast to the linear situation, this time the lack of self-adjointness is an
obstacle to extend the result for values g € (1, s).

The paper is structured as follows. In Section 2 we give some preliminaries on Harmonic
Analysis. In Section 3 we prove Theorem 5. In Section 4 we prove Theorem 1 as it is
illustrative for proving Theorem 2 later. In Section 5 we prove Theorems 2, 3 and 4.

2 Notations and Preliminary Results

In this paper we follow the usual convention and denote by ¢ a general constant that may
vary on different occasions, even within the same line of estimates. Relevant dependencies
on parameters and special constants will be suitably emphasized using parentheses or sub-
scripts. The norm we use on R” will be the standard euclidean one and it will be denoted
by | - |. In particular, for vectors &, n € R" we write (£, n) for the usual inner product
of £ and n, and |&| = (£, & )% for the corresponding euclidean norm. In what follows,
B(x,r) = B,(x) = {y € R" : |y — x| < r} will denote the ball centered at x of radius r.
We shall omit the dependence on the center and on the radius when no confusion arises.

2.1 Besov-Lipschitz Spaces

Given 1 € R" and v : R" — R, let us denote t,v(x) = v(x + h) and Apv(x) = v(x +
h) — v(x). As in [24, Section 2.5.12], given 0 < @« < l and 1 < p, g < oo, we say that v
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408 A. L. Baison et al.

belongs to the Besov space B"‘ (R”) if v e L?(R") and

lvllgg , @®ny = lVllLr @ + Vg @ny < 00

p.q

where 1

wx +h) — o) \7 dh \*
Wiy ) = (/ : </ T dx) |h|">

Equivalently, we could simply say that v € L?(R") and |Ah’|'u” e L4 (I s LP(R”)). As
usually, if one simply integrates for 4 € B(0, §) for a fixed § > O then an equivalent norm
is obtained, because

1
. 1
[v(x + h) — v(x)|? » dh\*
/ (/ - dx)" S < e 0 p. g, 8) IollLogen
(h1=8) \JRr |n]oP |h]

Similarly, we say that v € B;"OO(R") if v € LP(R") and

G +h) — o)l \7?
[v ]ng(w) = sup ) G dx) <oo

heR"?
Again, one can simply take supremum over |#| < § and obtain an equivalent norm. By con-
struction, Bg‘ q (R™) € LP(R™). One also has the following version of Sobolev embeddings
(a proof can be found at [11, Prop. 7.12]).

=

Lemma 6 Suppose that0 < a < 1.

(@ If1 <p< 5andl < q < p} then there is a continuous embedding B, ,(R") C
L7 (R").

(®) Ifp =5 and 1 < q < oo then there is a continuous embedding B, ,(R") C
BMOR").

Given a domain 2 C R” , we say that v belongs to the local Besov space B? g.loc
¢ v belongs to the global Besov space B (R”) whenever ¢ belongs to the class CgO(Q) of
smooth functions with compact support contalned in Q. The following Lemma is an easy
exercise.

Lemma 7 A function v € LIOC(Q) belongs to the local Besov space Bp g.loc if and only if
Apv
7|h|"‘ e
L9 (e Lr(B))

for any ball B C 2B C 2 with radius rg. Here the measure % is restricted to the ball
B(0, rp) on the h-space.

Proof Let us fix a smooth and compactly supported test function ¢. We have the pointwise
identity

Ane) _ Ano(x)  Apu(x)
_— h .
R T T

It is clear that A
o+ 1) 22N e ) Vgl 1]

||
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Fractional Differentiability for Solutions of Nonlinear Elliptic Equations 409

and therefore one always has I h’lff e L1 <‘ I LP(R”)) As a consequence, we have the

equivalence

Apv dh
YV € B;’q(R") — h pell (

; LP(R?
|h|* k"’ ( )>

A1
same happens for every ¢ = xp and every ball B C 2B C 2. The claim follows. O

However, it is clear that 22 pe Ll (Ihl” ; L”(R”)) for each ¢ € C2°(Q) if and only if the

As in [24, Section 2.5.10], we say that a function v : R” — R belongs to the Triebel-
Lizorkin space F;" q R*)if v € L?(R™) and

vl Fg, ey = lvllLr®e) + [V]gpagey < 00,

1
B —v@)e N7\’
[lgpa@n = (/ (/ = Jlrhl’)’ﬂw/v(X)| dh) dx)

Equivalently, we could simply say that v € L?(R") and ﬁl“’f eL? (dx L1 (| G ))

It turns out that Besov-Lipschitz and Triebel-Lizorkin spaces of fractional order o €
(0, 1) can be characterized in pointwise terms. Given a measurable function v : R" —
R, a fractional o-Hajlasz gradient for v is a sequence (gi)x of measurable, non-negative
functions g : R" — R, together with a null set N C R”, such that the inequality

where

@) — v < |x — % (ge(x) + g (»))

holds whenever k € Z and x, y € R” \ N are such that 27% < |x — y| < 27K+ We say that
(gk) € €1(Z; LP(R")) if

1
q
I1(g)klleary = (Z ||gk||‘z,,(R,,)) < co.
keZ
Similarly, we write (gr) € LP (R"; £9(Z)) if

1

180kl o ey = ( /R @z dx)” < o0,

The following result was proven in [17].

Theorem 8 Let0 <a < 1,1 < p<ooandl < g < oo. Letv € LP(R").

1. Onehasv e B"‘ (R") if and only if there exists a fractional «-Hajlasz gradient (gi )i €
L4(Z; LP (]R")) for v. Moreover,

vl Bg,, @y = inf [[(gx)kllea Lr)

where the infimum runs over all possible fractional «-Hajlasz gradients for v.
2. Onehasv e Fl‘j‘ q (R™) if and only if there exists a fractional «-Hajlasz gradient (gi)x €
LP(R"; £4(Z)) for v. Moreover,

vl g, @ny = inf[|(gi)kllLr ea)

where the infimum runs over all possible fractional a-Hajlasz gradients for v.
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410 A. L. Baison et al.

2.2 Nonlinear Elliptic Equations in Divergence Form

This section is devoted to recall some fundamentals results of L l’; ~theory for solutions of
nonlinear elliptic equations in divergence form that we shall use in what follows. Our first
result is a very well known higher integrability property, that we state in a version suitable
for our purposes.

Theorem 9 Let s € [2,n], and let A : Q x R" — R" satisfy (A1)—(A3). Let u € WIL’CS(Q)
be a local solution of Eq. 1.4. If G € LY. (Q) for some q > s, then there exists an exponent

loc
1, s <t < q suchthat Du € L}, (). Moreover, the following estimate

1 1 1
t 5 t
(7[ |Du|’dx> <C <][ |Du|® dx) + (][ |G|tdx) ,
Br Bor Byr

holds for every ball Bg C Byg € Q.

For the proof we refer to [8, Theorem 6.7, p. 223]. Next, we state a regularity result for
solutions of homogenous non linear elliptic equations of the form

divB(Du) =0
where B : R" — R" an autonomous Carathéodory function with growth s — 1. This means
that
(B (BE) = B.& —m = v(u? + 52+ 1) T 15 — P
(B2) |B)— B < L(szlr 1§12 +1n1*) 271§ — |, and
B3) 1BE| <t +1E7 7,

for each &, n € R". We recall the following.

Theorem 10 Let B : R" — R" be such that (B1), (32), (B3) hold, and v € WIL’CS () bea
solution of

div B(Dv) =0 in ,
Then, for every ball B € 2, we have

1
o sup,p DV < gy (F5(1+ 1DVI)* forall0 < 1 < 1.
J fBB |Dv — (Dv)sp|® < C§*° fB(l + |Dv|*) forall0 < § < 1 and some a > 0.

For the proof we refer to Sections 8.3 and 8.7 in [8] or, more specifically to formu-
las (8.104) and (8.106), p.313 in [8]. From previous Theorem, one can easily deduce the
following.

Lemma 11 Let B : R" — R”" be such that (B1), (B2), (B3) hold. Let B € Q be a ball,
and let w € WI’S(Q). Then the problem

loc
divB(Dv) =0 x € B,
v=w x € 0B.

has a unique solution v € W LS (B). Moreover, one has:

1
®  supeip 1DV < g (Fp(1+ [Dwl))*  forall0 < i < 1.
° fBB |Dv — (Dv)g|* < C 8% fB(l + |Dw|*) forall0 < < 1 and some a > 0.
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Fractional Differentiability for Solutions of Nonlinear Elliptic Equations 411

We conclude this section with a very well known iteration Lemma, that finds an impor-
tant application in the so called hole-filling method. Its proof can be found for example in
[8, Lemma 6.1].

Lemma 12 Let h : [r, Rg] — R be a non-negative bounded function and 0 < 9 < 1,
A, B > 0and B > 0. Assume that

h(s) <vh(t)+ + B,

A
(t —s5)P
forallr <s <t < Rg. Then
h(r) < L +cB
T (Ry—r)P ’

where ¢ = c(9, B) > 0.
2.3 Hodge Decomposition

The interested reader can check the contents of this section in the monograph [13]. We recall
that for a vector field F € L? (R", R"), with 1 < p < 400, the Poisson equation

Aw = divF

is solved by a function w € W!? whose gradient can be expressed in terms of the Riesz
transform as follows

Dw =—-(R®R)(F).
The tensor product operator R ® R is the n x n matrix whose entries are the second order
Riesz transforms R o Ry (1 < j, k < n) and therefore the above identity reads as

n
Djw= - R;RF*,
k=1

where F¥ denotes the k — th component of the vector field F. Setting E = —(R ® R) and
B = Id — E we then have that

F =E(F)+B(F).
By construction, E(F) is curl free and B(F) is divergence free. Standard Calderon-
Zygmund theory yields L” bounds for the operators E and B, whenever 1 < p < 4o0.
However, we will need a more precise estimate, which is contained in the following stability
property of the Hodge decomposition.

Lemma 13 Ler w € WYP(R"), and let 1 < p < oo. Then there exist vector fields E €
LP'(R") with curl(E) = 0 and B € L? (R") with div(B) = 0 such that

Dw|Dw|P™?> =E +B. 2.1
Moreover
IEN Ly gy < C I DWIY 5 gy 22)
and
IBIl gy < C max{p =2, p' = 2} [ DI} . 2.3)

where C is a universal constant.

The proof of previous Lemma is contained in [14, Theorem 4]. The fact that the constant
is independent of n and p can be derived as in [16, Corollary 3]. We use the above Hodge

@ Springer



412 A. L. Baison et al.

decomposition to prove the following non-standard Caccioppoli inequality, which is well-
known for the community and whose proof is included for the reader’s convenience.

Lemma 14 Let A be such that (A1), (A3) hold. There exists a number py = po(n, v, L) >
2 with the following property. If p € (p{, po) and u € W[i)’cp (R2) is a weak solution of
Eq. 1.1 for some G € L? N LY then

loc loc

1
| Du|? SC<MP+7/ |u|p+/ |G|p>
/Bo |BolP/™ Jop, 2By

for every ball By C 2By C L.

Proof Let B, be a ball of radius r, such that B, C 2B, C Q. Choose radiir < s <t < 2r,
and let n € C°(2) be a cut off function such that xp < n < xp,, and |Vn|le < t%v We
apply Lemma 13 to w = nu, so that we can write

|Dw|”">Dw =E+B
withE,B € LY (R™), both supported on By, div(B) = 0, curl(E) = 0, and moreover

p—1
”E”L"/(Bt) < C”Dw”Lp(Bt)y (2 4)
-1 .
”B”Lp’(gt) < C max{p — 2, P/ -2} ”Dw“][jp(Bt)-

From curl(E) = 0and 1 < p’ < oo we know that there is ¢ € Wol’p/(B,) such that E = Dg.
Now we test (1.1) with ¢, and obtain

/<A<x, Du>,Dw>|Dw|"*2=/ <A(x,Du),B>+/ (G. Dy)
B; B; B,
whence

/ (A(x, Du), Du) n|Dw|?~2 = _/
B;

(A(x. Du), D) u | Dw|?~2+ /
B

(ACr, Du), B)+ / (G. D).
B

B;

Using now (A1), (A3) and the properties of 1, we get

v/ |Du|P§e/ (M+|Du|)|Dn|Iullle”_2+€/(M+|Du|)|B|+/ G| |Dyl.
By B\ Bs B,

B;

Now, since w = nu, Young’s inequality tells us that

/ (w+|Dul) | Dn| [u| |[Dw|P~? < C(P)/ |u]? IDﬂ\p-i-C(P)/ |Dul?+C(p)u! 12B;]
Bi\B;s B\ Bg B\ By

Also, by estimate (2.3) and Young’s inequality,

/ (1w + | Dul) [B < 2+ | Dulllocay 1Bl 5,
B;

—1
< Cmax{p —2,p' =2} |l + [Dulllocs, 1 DwlL g,
— -1 -1
< C2 2 max{p — 2. p' — 2} | + 1Dulllocs, (lu Dol (s, + In Dullhy s )
< C(p)uP 2B, + C 2" max{p — 2, p' = 24 |1 Dull} ) + C(p) lu Dnll} 5,
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Fractional Differentiability for Solutions of Nonlinear Elliptic Equations 413

where C is the universal constant from Lemma 13. Finally, also by Eq. 2.2 and Young’s
inequality we get

|Gl 1D¢| < IGllLr ) 1PPl Ly (5,
B;

< ellDgl} )+ Cle PG g,
< Cel Dwllp s, + Ce, IG5,
< C2" el Dull] g, + C 27 ellu D755, + Cle, PIGIT o,

where ¢ > 0 will be chosen later. Putting this together,

v [ |Dul? SC(P,E,s)/ lul” |Dn|” 4+ C(p, ) |Dul? + C(p)u? 2B, |
B, B, B/\By

+C(0) 2P (max{p — 2, p' = 2} +2¢) IDull] 5, + C@IGI] 5,
Adding C(p, £) fB.g |Du|? at both sides, and using the properties of 7, we get

< C(p.L,¢)
=95 Jp

(V+C(p,13))/ | Dul|? ul” + C(p)n” 12B,|
By r

+ (c<p, 0+ C©) 2 (max{p — 2, p' — 2} + 2g> 1Dull?, s,

+ COIGIT g,
Above, it is clear that one can always attain
-2 ’ v
C(©)2P"(max{p —2,p' =2} +¢) < >

if ¢ > 0 is chosen small enough, and if p is chosen close enough to 2. We write this as

p e ( p(’J, Po)- At this point we can use the iteration Lemma 12 to finish the proof. O
The number py was precisely described in [1] when n = s = 2, and is unknown
otherwise.

2.4 Maximal Functions

Letl <s <oo,andletu € L} (R"; R). We will denote

loc

M (u)(x) = sup (f |u|3>"
r>0 B(x,r)

When s = 1 this is the classical Hardy-Littlewood maximal operator. We will also denote
1

ME(u)(x) = sup (f lu — um,r)w)
r>0 B(x,r)

1
Mg,R(u)(x) = sup (7[ lu — uB(x,r)|S>
0<r<R B(x,r)

When s = 1 they go back to the well-known Fefferman-Stein sharp maximal function.
These operators are classical tools in harmonic analysis, we refer the interested reader to [9,
10].

The following lemma is proven in [15] for s = 1. Its proof for s > 1 follows similarly.
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414 A. L. Baison et al.

Lemma 15 Let 1 <s < g < 00, and let u € L*(R").

(i) One has | Mgullpawry < Cn, s, @) llullLawn).
(i) There exists a constant kg = ko(n, s, q) > 2 such that if u is supported on a ball
B(xg, R) then

||M£’kOR””L‘1(B(x0,k0R)) > Cn, s, @llullLaBexo,R))-

3 VMO Coefficients in R”

In this section, we assume that n > 2, and that A : Q2 x R" — R" is a Caratheodory function
such that assumptions (A1), (A2), (A3) in the introduction are satisfied. We also require a
control on the oscillations, which is described as follows. Given a ball B C 2, let us denote

Ap(§) = ]iA(x, §)dx

One can easily check that the operator Ap(£€) also satisfies assumption (A1), (A2), (A3).
Now set

V(x, B) = sup M,
££0 (U +1E1) 7

for x € Q and B C Q. If A is given by the weighted s-laplacian, that is A(x, &) =
y (x) |E]°~2&, one obtains

3.1

V(x, B) = |y(x) — yal,

where yp = fB y(y)dy, and so any reasonable VM O condition on y requires that the
mean value of V(x, B) on B goes to 0 as |[B] — 0. Our VM O assumption on general
Carathéodory functions A consists of a uniform version of this fact. Namely, we will say
that x — A(x, &) is locally uniformly in V M O if for each compact set K C €2 we have that

lim sup sup ][ Vx,B)dx =0. (3.2)
R—0,(B)<R c¢(B)eK /B
Here c(B) denotes the center of the ball B, and r(B) its radius.
The main result in this section is an a priori estimate for weak solutions belonging to
W4 for some g > s. It is a local nonlinear version of the classical Theorem by Iwaniec
and Sbordone [14]. Our proof relies on arguments similar to those used in [15].

Theorem 16 Assume that A satisfies (A1), (A2), (A3) and that it is locally uniformly in
VMO, and let g > s. There exists A = A(n,s,q) > 1 with the following property. If
xo € 2 then there is a number do > 0 (depending on v, £, L, s, q, n, A and xq) such that if
u € Wh4(: R) is such that

divA(x, Du) = div(|G|‘Y72G) weakly in Q (3.3)
for some G € quo (825 R), then the estimate
1
Dult < C (u”' o i f |G|"> (3.4)
JBy d? J;m, By

holds whenever 0 < d < dy, Bo = B(xo, d) and ABy C Q.
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Proof of Theorem 16 Let kg > 2 be the constant in Lemma 15. Let § € (0, 1) to be

determined later. We are given a ball By = B(xo, d), such that By = a1+ %)koBo C Q.
The first step consists of localizing the problem. This is done by choosing arbitrary

radii 0 < % < p < r < d, balls B, = B(xg, p) and B, = B(xp, r), and a cut off

function 77 : R" — R such thatn € CP[R"), xp, < n < xp, and ||Dnflec < <2

= —p
Set w = ns/ u. Then clearly w € W!4(R") has compact support in B, and we have
that

divA(x, Dw) = div (A(x, Dw) — A(x, ns/Du)) + div (A(x, nS/Du) —n*A(x, Du))
+div(n®*A(x, Du))
= div(A(x, Dw) — A(x, 1° Du)) + div (A(x, 7° Du) — n*A(x, Du))
+n° div(A(x, Du)) + D(n*)A(x, Du). (3.5)

Foreach y € kgBpandeachO < R < % we set Bg = B(y, R). Then Br C (1—|—%)k0Bo C
2, and thus the quantity

Apg (§) =][ A(x, &) dx
Br
is well defined. Let v be the unique solution to the following Dirichlet problem

{divABR(Dv) =0x € Bg 3.6)

v=w x € 0Bg.

Now, we multiply both sides of the equality (3.5) by v —w and, since v — w vanishes outside
of Bg, we can integrate by parts thus getting

/ <A(x, Dw), Dv — Dw> = / <A(x, Dw) — A(x, ns/Du), Dv — Dw>
BR BR
+/ (A(x, 7" Du) — n° A(x, Du), Dv — Dw)
Br
+ [ {aeow. pwre-w)- [ DutAC DG w
BR BR
_ / (A(x, Dw) — A(x, y° Du), Dv — Dw>
Br
+/ (A(x, 7 Du) — ° A(x, Du), Dv — Dw)
Bg

+ [ 16726 b0t w-wn) - [ Dot D - w),
Br Br

where, in the last equality, we used that u is a solution of the Eq. 3.3. On the other hand,
since v is a solution of the Dirichlet problem (3.6), we also have

/ <AB(Dv) — Ag(Dw), Dv — Dw> = /
Br

5 <AB(Dw), Dw — Dv>
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and so
/ <AB(Dv) — Ag(Dw), Dv — Dw) - / <AB(Dw) — A(x, Dw), Dw — Dv>
Bgr Bgr
+/ <A(x, Dw) — A(x, ns/Du), Dw — Dv>
Br
+/ <A(x, n* Du) — n*A(x, Du), Dw — Dv)
Br
+ [ 161726, ok w - w)
Bgr

—/ D(n*)A(x, Du)(w — v)
Br

IA

. |Ag(Dw) — A(x, Dw)||Dw — Dv|
R
+/B |A(x, Dw) — A(x, n° Du)||Dw — Dv|
R
+/B IA(x, n°* Du) — n*A(x, Du)||Dw — Dv|
R
+/ IGI D@ (w — v)|
Br

+ [ 1D IAG. Dl - ol
Br
We write previous inequality as follows

Ih=<h+h+L+1L4+1Is

and we estimate [; separately. Since s > 2, by virtue of the ellipticity assumption (A1), we
have that

v/ |Dv — Dw|® < v / |Dv — Dw|? (1% + |Dv|? + |Dw )T < Iy (3.7)
Bpr Br

By the definition of V(x, B) in (3.1), thanks to the assumption (3.2) and Young’s and
Holder’s inequalities, we estimate /; as follows

I

IA

/ V(x. B) (4 + | DwP) T |Dw — Dy
Bgr

IA

e/ |Dv—Dw|s+C(8,s)/ V(x, B)* (1% +|Dwl??
Br B

1—s S
S\ T A\ T
€ / |Dv — Dw|® + C(e, s) </ V(x,B)ﬁ> ( (M2+|Dw|2)§)
Bg Bg Br

g/ |Dv—Dw|S+C(a,s,t,£)(/ V(x,B))T </ (M2+|Dw|2)%>?
Bgr Bgr Br

(3.8)

IA

IA
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where ¢t > s is the exponent determined in Lemma 9, ¢ > 0 is a parameter that will be cho-
sen later and we used that the function V (x, B), by virtue of assumption (A3), is bounded

in Q.

By assumption (A2), the definition of w, Young’s inequality and the properties of 7,

we have

14}

IA

s’ 2 2 5" 1y,012y 552
L/ |[Dw —n* Dul(u” + |Dw|” + |n° Du|”) 2 |Dv — Dw|
Bg

s/ 2 2 s\ 12y 552
= L/ [D(n” Jul(u” + [Dw|” + |Dw — D(n* )ul”) 2 |Dv — Dw|
Bg

IA

c(s, L)/ 1D ul(p + |Dw| + D0 yul)* %[ Dv — Dw
Br

IA

c(s, L)/ IDO* Yul* = 1Dv — Dw| +c<s)/ ID(* Yul (e + | Dw])’ 2| Dv — Duw
B B

! C(sR, 0,5)

(r—p)* Jpg

IA

8/ |Dv—Dw|‘Y+U/ (u+ |Dw))* + lu|®, (3.9)
Bgr Br

where ¢, o > 0 will be chosen later. We now proceed with the estimate of I3. The properties
of n and Young’s inequality yield

I3

< / |A(x,0)||Dv — Dw| +/ |A(x, 1° Du) — 1°A(x, Du)||Dv — Dw|
BR\B, BrN(B,\B,)
< C(e) A, O + Cle) / |A(x, n° Du) — A(x, Du)|”
Bgr\B, BrN(B,\B,)
1C(e) IA(x, Du) — n*A(x, Du)|* + ¢ / |Dv — Dw|*
BrN(B,\B,) J B
< Cle. t.)W’ R" +C(e, L, s) In" Du — Dul* (u + n* Du| + | Dul)* =2
BrN(B,\B,)
+C(e, L, 5) a —nS)5’|Du|S+s/ |Dv — Dw|*
BrN(B,\B,) Br
< C(s, ¢, 5)u’ R" +C(£,L,Z,s)/ |Du|SXBr\Bp +£/ |Dv — Dw|*, (3.10)
Br Br

where we also used assumptions (A2) and (A3). Using Young’s inequality again and the
properties of 1, we have that

Iy s/ n“'IGI“’IIDv—DwH/ IDOHIGI ™ v — w]
Bgr Br
- / \Dv — Duwl® + ()< RS +1)/ G + / lv—wl®
<e¢ v—Dw ce)| ——— £
Br (r—p)* Br By R
S 1.5
<

" d*k
s/ |Dv — Dw|® + c(¢) (70 + 1)/ |G|* +C(n,s)s/ |Dv — Dw|*,
Br 8 (r —p)* Br Br
(3.11)

kod

where, in the last estimate, we used Poincaré - Wirtinger inequality and the bound R < =¢-.
Finally, by virtue of Young and Poincaré - Wirtinger inequalities and again the properties of
n, we estimate
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Is < e/ D)+ 1Dul)* > + [ Dullv — w
Br

c(n, t) il o $—2
< s (w+n" [Dul)”“(u+ |Dul)|lv — w|
(r_p) Br
c(n, £) 1 s §—2
= ns=T(u+ |Dw— D@ Hul)’ “(u+ |Dul) v —w
(r—p) Jpg
cn,t,s) 5_2
< —-— [Dw|*™“(u + |Dul)|v — w|
(V_P) Bgr
c(n,l,s) g 5—2
+———— [ (w+ID®m Hul)’ " (u+ |Du)jv — w|
(r_p) Bg
! RS
< e/ |Dv—Dw|S+a/ |Dw|5+C(n,8,o,€,s)7/ |Dul|*
Bgr Bgr (r_p)s Br
C , 8, ,Z, ) SRnJrs
M [u]® +CM7‘ (3.12)
(r—p)* Br (r—p)*

Combining estimates (3.7), (3.8), (3.9), (3.10), (3.11) and (3.12) we conclude that

u/ |Dv — Duwl* < S(S—I—C(n,s))/ |Dv—Dw|“—|—20/ |Dw|‘Y+L/ luf*
JBr J Br Br (r—p)* Jpg

+c</ voc,B))T (/ (M—Hlez)%)?
Br Bpr .

RS dSkb
+c / |Du|s+070/ IG|®
(r_p)s Br as(r_p)s Br

NS Rn-&-s
+c/ |Du|® x +cu’R"+C ,
Br Br\Bp (}" - p)s

where ¢ = c(¢g, 0,s,n, £, L). Choosing ¢ = m, we can reabsorb the first integral
in the right hand side of previous estimate by the left hand side thus obtaining

v c
f/ |Dv — Dw|* < 20/ |Dw|s+7/ lu|®
2 Bg Bg (r_p)s Bg

+c(/ V(x,B>)T (/ <u+|Dw|2)%)
Br Br

to R / Dul’ + (7&;{5 +1>/ Gl
C u C
= Ju, 50—y "

K n—+s
+c/ IDMISXB"\BP +cu R"+C , (3.13)
Bgr

s
t

w' R
(r—p)*

where ¢ = c(v, 0, s, n, £, L). Consider the ball Bsg = B(y, 6R), and observe that

|Dv — (D) gy, |° + C(s)cS_"][ |Dw — Dvl*.

][ |Dw — (Dw) gy |° < C(s)
Bsr Br

Bsr
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Now we can estimate the two terms on the right hand side with the help of estimate (3.13)
and Lemma 11 as follows

8—}1
][ |Dw — (Dw)B,;R|S < (C(5)8% + 206867 |[Dw|® + Ci][ lu|®
Bsr B r—p)* /g

e
e (][ Vi, B)) <7[ (n+ |Dw|2)%)
Br Br
RS ds k56—
+6‘87”7Y][ |Dul® +c¢8™" (L + l) ][ |G|*
(r - IO) Bpr (r - p)Y Bg

s
—l—cé_”][ |Dul* x5, +cpu’ 87" +p’ 8_"”&.
Bgr ’ (r - IO)S

By the classical theory, since 2Br C 2 and u is a local solution, we have that

N C ' s N
|[Dul” < — lul® +C |G|
Br R’ Bor Bag

and therefore, from Byr C ﬁo we conclude that

][ |Dw — (Dw) psp|° < ¢(8* +087") |Dw|*
Bsg Bg

ds kg 57
oS ) G
( (r_p)s Bog Bo
§—n—s
e AL
((I" _p)s Bog . Bo
T T
tcs" <][ V(x,BR)dx> (][ (u+|Dw|2)%>
Bgr Br

s
—i—C(S_n/ |D”|SXB,\B + CMS s + NS 5" dskO
Bgr ’ (r - p)s

A Sa_n_S
< 8% ][ |Dw|® + (L +8_">][ |G xi I°
Bg (r - p)S Brg 0
cd "
+ —+6‘")][ X,
<(I’ - p)s Bor Bo

s <][ V(x,BR)azx>T (][ (M+|Dw|2)%>?
Br Bg

+C8—n/ |DM|SXBr\B +CMS 8—71 + Ius 5_"_3&
Bg r (I" - p)s

’

@ Springer



420 A. L. Baison et al.

where we chose ¢ = 8%, Now, we take supremum over all possible values R €
(0, kod /6), and we get

ME , /(DW)()* <8 My (Dw)(y)* + ¢ 87" M (1Dt 3y, 5,)° (¥)

dkyss N
+C(W+IS > Ms(GXBO) »

+cé" (M,(Dw)(y)s> sup (7[ V(x, BR)dx) l
0<R<kod/s \JBg
K}
r—p)

Now, we raise to the power , and then integrate with respect to y over koBg. We obtain

+C,LLX 8—71 +/'LS S—n—s

—nq
IME (D oy < €2 0) 5% M, (D) [ gy + 85 M (1Dt 2y 5 )

—nq

_fq q 5=
0 ) - q q

8 s G = p n —‘,—( -‘r(S U xXp n

Cc ( ( )l] + ) ”Ms( XBO)”[/(]R ) (( ) ) ”M;( XBO)HZQ(R )

1=s
TIPS (||./\/lt(Dw)||iq(]Rn)> sup  sup (7[ V(x,BR)dx>

yekoBo 0<R<kod /8
g
g §H-aga
+ ¢ u? |koBo| (5 s+ ) ,

where ¢ = c¢(n, s, q, ¢, L, v, §). Now we use Lemma 15 (i) and (ii), and obtain

—ngq
IDwI, g,y <Cn,s,q) 8 [Dwl|], g, +c8™ DU Xy 150 gm
dikis— "9 g
0 = -4
+c <(r_p)q +34 ) I1G Xxg, g

Y RS N
N =y " XBoll Lo mr) (3.14)

t—s

n T
+ 8 <||Dw||'iq(B0)) sup sup (7[ Vi(x, BR)dx)
Bgr

)’GkoBo 0<R<k0d/5

—nq
Cn ST q4
+opd koBol (87 + — ).
(r—p)*

+

Our next aim consists of inserting the two terms with Dw on the right hand side into the
term on the left hand side, by making their coefficients as small as possible. To do this, we
first look at the term C(n, s, q) §%¢ ||Dw||zq(B0). To be absorbed on the left hand side, it
suffices to choose § such that

1

1
C(n,s,q)rS“q=Z = =
[4C(n,s, q)]*
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Note that this choice of § = §(n, s, ¢, «) > 0 is independent of d. Therefore, taking into
account that § has been fixed, estimate (3.14) becomes

1D, g,y <€ IDU Xy, T4 ny

kq

()dq 1 G vs q ¢ 1 . nd
+c m"‘ 1G Xg, I ny + W‘F e X, o ey

t=s
t
+c <||Dw||’£q(Bo)> sup sup <f V(x,BR)dx>
Bgr

yEkQBQ 0<R<k()d/5
q
+cp? koBo| ————,
(r—p)

(3.15)
with constants ¢ and ¢ depending on n, s, ¢, £, L, v but independent of d. Now, if kod <
7d(x°2’39) then

r—

S =5
. s ) s
sup sup <][ Vix, BR)dx) < sup sup (][ Vix, BR)dx>
yekoBo O<R<kod /8 Bgr Bgr

yeB(xp, 10019 0<R<kod/s

and moreover, from Eq. 3.2 we have that

s
t

(}im sup sup (7[ V(x,BR)dx) =0.

=0 e Bag, 20002 0<R<kod /5 \J B

In particular, d > 0 can be chosen small enough so that

t—=s

T 1
¢ sup sup <][ Vix, BR)dx) < -.
yekoBg 0<R<kod/s \J B 4

Note that the chosen value d certainly depends on d(xo, 02), A, v, €, L, s, g and t. Nev-

ertheless, this allows us to insert the remaining term with Dw into the left hand side. One
then gets immediately from Eq. 3.14 and our choice of w that

d1
/ IDu? <2" [ |Dw|? §c/ |Dul? +c<7+1> IG|?
B, B, B,\B, (r—p) B

By

+c(¥+1>/ |ul? + c u? |By| (LH).
(r=p) i (r -

p)?
Filling the hole, i.e. adding to both sides of previous inequality the quantity

c/ |Du|?
B

0
we obtain

d4
/ |Dul? 519/ |Du|q+c<7+l> _1G|?
B, B, (r—p)?

By

+ ( ! +1) lul? + ‘1|l§|< ! +1>
c| — ul’ +cp? Byl | ——— ;
(r—p)1 Bo (r—p)
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with 0 < ¢ < 1. Since the above estimate is valid for arbitrary radii % <p<r<d,by
virtue of Lemma 12, we conclude that

1
][] |[Dul! < C(n,v,¢,L,s,q) (/Lq—l- g |G|q+d7]€ |u|q>.
7B0 By By

Since ]§0 =1+ %)koBo, the claim follows by simply choosing A = 2(1 + %)ko. O
We are now in a position to give the

Proof of Theorem 5 Fix a ball Br(xp) € 2 with 0 < R < Ady where A and dj are the ones
determined in Theorem 16. Moreover fix a smooth kernel ¢ € C2°(B1(0)) with ¢ > 0 and
f B, (0)¢ = 1, let us consider the corresponding family of mollifiers (¢¢)e~0 and put

Ac(x,8) =AC, 8 xpe(x) = /B P(WA(x—sw, &) dw (3.16)
1
and
Gy =G * ¢ 3.17)

each positive & < dist(Bg, dR). One can easily check that the assumptions
(A1), (A2), (A3) imply

(H1) (Ae(x, &) — Ac(x,m), € — ) = v(u® + 61> + Inlz)%ln —&J?
(H2) |As(x, §) — Ag(x, )| < le_él—nl(u2+ 2+ InH) T
(H3) A (x, 6) < €+ |E1)) 7

for almost every x € €2 and for all &, n € R". Moreover, setting

AE ) _AS . "
Ve(x, BR) = sup | . ) ’SIiR; ($)| with A pp(§) = ]l A (y, &)dy
520 (ur+ 1517 Br

since x — A.(x, &) is C* smooth, we have that

(H4) lim sup sup fVa(x,B)dx=O.
r=0,(B)<r ¢(B)eBg /B

For further needs we record that, since A, (x, Du) € L = (BR), that
Ag(x, Du) — A(x, Du) strongly in € Lﬁ(BR) (3.18)
and also that, since G € LY(Bg),

G, —> G strongly in € LY (Bg). (3.19)

loc

Letu € WIL’CS(Q) be a solution of the Eq. 1.1 and let us denote by u, € WLs(Bg) the

unique solution of the Dirichlet problem

(Pe)

divA,(x, Du,) = div(|G.|*~1G,) in Bg
Ug = U on 0Bg

By the classical theory, since x — A (x, &) is C*° smooth, we have that Du, € L, for
every g > s.
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Using ¢ = u, — u as test function in the equation (P;) and in the Eq. 1.1, we have

/ (Aa(x, Du.), Du — Du8>dx = /
BR BR

/ <A(x, Du), Du — Du£>dx - / |G|H<G, Du — Du5>dx
BR BR

G€|S_1<Gg, Du — Du8>dx

Subtracting the second equation from the first one, we obtain

(|G8|‘V*1G8— IGI*'G, Du—Du8>dx

/ <A£(x,Du8)—A(x,Du), Du—Due>dx:/
B
§ (3.20)

Br

Inequality (H1) yields

s—=2
v [ (*+ |Dul* + |Dug|*) 7 |Du — Dug|* dx
Bg

< / <A6(x, Du.) — A.(x, Du), Du — Du5>a’x
Br

- / <A(x,Du)—A£(x,Du), Du — Du5>dx
Br

+/ (IGSIHGE — |GG, Du — Du£>dx
Br

s—1 1

< (/ |A(x,Du)—Ag(x,Du)|ﬁdx>s (/ |Du—Du£|“dx>:
Bpr Bg

s—1 1
+</ |G£—G|A‘dx> ‘ (/ |Du—Du8|de>“ , (3.21)
Bgr Br

where we used the equality (3.20) and Holder’s inequality. Since s > 2, by well known
means, from estimate (3.21) we deduce

/ |Du — Dug|* dx sc/ IA(x, Du) — A, (x, Du)|=1 dx+/ |G, — G|*dx.
BR BR BR

Taking the limit as ¢ — 0 in previous inequality and recalling (3.18) and (3.19), we deduce
that u, converges strongly to u in W1, Since the operator A, satisfies estimates (H1)—
(H4) and Du, € LY for every g > s, we are legitimate to apply the a priori estimate of
Theorem 16 to each u, thus getting

/ Dusl? < C /ﬂ+/ | +/ Gl (3.22)
B B)Lp Blp

for every g > s and for every positive p such that By, C Bg. Let us define the decreasing
sequence of exponents

1

w0=q
. ‘
9 = wtg5 JEN
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Note that, since g; \ 0, there exists h € N such that ¢, < s*. Chose now p = pj, so small
to have A"p < R and let r; = A p. Since G € L9(Bg) we have G € L% (Bg) for every
i € N and so we can write inequality (3.22) as follows

A

/ [Dus|" < —= / lue |7 +Cq,-/ |Gel® + Cg; n% | By, |
By, Tiy1 /B B
q

i Tit1 Tit1

Cy, ( /
qi
i Brip

Cyi , Cy; . ,
q;]l / |Ms|q’+l + 7}’;];:11 / |M5|ql+l + C‘1i+l / |Gs|qlJrl (3.23)

i+1 Briy i+2 /B, Tit2

IA

_4i
dit1
lue ¥+ + |Dus|q‘+‘> + Cq,-/ |Gel? + Cq, 1% | By, |

Ti+1

IA

_4i
+Cqi piit |B"i+2|]qi+l
+Cy; |G| + Cy wt [Bri |
Ti+1

g 4
CqiCqipy / 0 91 fi+l n CqiCqipy / G, |4+ e (3.24)
(ritari2)® \ /s, , (it \Js, ,

+Cq / |Gl
B,

Ti+2

_4i
+Cy, wt [Brii | + Cqiy, Cy; wt |Briyi | Br; | 741 (3.25)

IA

where we used first Sobolev inequality and again inequality at (3.22) and finally Young’s
inequality. Iterating estimate (3.23), fromi = 0 to i = h — 1, we deduce that

q

. [T _
/ |Due|? < Cp / Jug |70 + Ch/ |Gel? + Cp 4,
B By, Bg

P

~ 1% . .
where Cj, = l'[f’zo1 T',I'. Since g5 < s*, by virtue of the strong convergence of u. to u in

i+1
W5 we can pass to limit as ¢ — 0 in previous estimate to deduce

9
/ |Dul < Gy (/ |u|‘fh)"h +éh/ IGI7 + €
B Bgr Bg

I3

i.e. the conclusion. O

4 Proof of Theorem 1

We first prove that if Eq. 1.3 is satisfied then .4 has the locally uniform VM O property
(3.2).

Lemma 17 Let A be such that (A1), (A2), (A3) hold. Assume that Eq. 1.3 is satisfied.
Then A is locally uniformly in VM O, that is, Eq. 3.2 holds with s = 2.
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Proof We have

][ V(x, B)dx =][SH A, 5)—AB(«§)|
’ BER0 (U2 4152

B ][ A &) = A O]

= sup
sesols u2tiep)
][ Sup][(g(x) +e) Ix —y[*dydx
B£#0

n—a

= ][ ][(g(x) +e() lx —y|*dydx
BJB

(][ f<g<x>+g(y>> dydx) (f ][ =yl dydx) '
1 n\" o n
<E/Bg“> Cla.m) Bl =c<n,a>/3ga

and thus Eq. 3.2 holds. O

IA

Proof of Theorem 1 Given a test function ¢ € C2°(2) such that suppt_,¢ C 2, we test
the equation
div A(x, Du) =0

with ¢ and 7_j¢, and combine the resulting identities. We have
[ At D) - A+, D, Vo) = = [ (G, DuGe)= At Duca). Vo).

Now, by setting

An(x, ) = IhI“ (A(x + h, |h|* & 4+ Du(x)) — A(x + h, Du))
and v, = fhr’f , we immediately see that vy, is a weak solution of
div Ay (x, Dvy) = div Gy, “4.1)
where
Gr(x) = |h|°‘ (A(x + h, Du(x)) — A(x, Du(x))) . (4.2)

It is immediate to check that the new A, still satisfies (A1), (A2) with the same constants
of A. Moreover, (A3) is also satisfied by .4;, but now with = 0. We also note that

A(x + h, Du(x)) — A(x, Du(x))
||

Now, we know from Lemma 17 that A is locally uniformly in VM O, and so Theorem 5

1Gh(x)| = < (g(x + 1) + g(0) (U2 + [Du(x) )2,

.
ensures that Du € L} loc

and as a consequence Gy, € L 1oc+ 1t then follows that Lemma 14 can be apphed to Eq. 4.1
with u = 0 and so there exists pg = po(n, v, £) > 2 such that if one furtherhas2 < p < po
then

for each finite r > 2. In particular, if 2 < p < 7 then Du € Ll

1
I DvpllLr ) < Co (E”vh”LPQB) + ||Gh||Ll’(23)) (4.3)
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for each ball B with radius rp such that 2B C Q. In terms of u, this reads as

Ah(Du) 1 Ahu
HT <C|— == + 1GullLrn)
| LP(B) B LP(2B)

1 || Apu

<Co— |2 + 181l 2 ) ICL+1DUPDTY op
rB LP(2B) 7 (2B)

and so taking supremum for || < 8, § > 0 small enough,
Ap(Du) 1 A7
=Co| —sup +llgll, 2 I(L+ 1Dup)2 |
h ‘ A" Nl Lr(m) rg n |l 1h1* LB L¥ @) L7 B)

We now use Lemma 7 to see that the term sup,, ” ‘ h’i;f Lr28)

We then obtain that Du € B% ooloc> A8 claimed. When A is linear in the gradient variable,
that is A(x, £) = A(x)&, one 1mmed1ately sees that x — Ay (x, &) is locally uniformly in
VM O, and therefore the restriction p < pg at Eq. 4.3 is not needed. O

o . 1,
is finite, since u € W, UCP .

5 Proof of Theorems 2, 3 and 4

We first prove that if A satisfies (A1), (A2), (A3), (A4) then it is locally uniformly in
VM O. When A is linear in the second variable, this comes from Lemma 6.

Lemma 18 Let A be such that (A1), (A2), (A3), (A4) hold. Then A is locally uniformly
in VMO, that is, (3.2) holds with s = 2.

Proof Given a point x € €2, let us write Ax(x) = {y € Q: 27k < |x — y| < 2-k+1y we

have
7[ V(x, B)dx =7[su A®. §) — As@)I
’ BER0 G2+ 1P

57[ A, &) — AQ, U
B

sup
208 (2 +15P)2

- 7[ 1 / A, &) - A, I
=1, 30 5 2
B&£0 | Bl BrAk) (U2 + |E2)?

- _ o d d
= |B|2 ;/I;/];’ﬂ/,k(x) |x )’| (gk(x)+gk(y)) yax

The last term above is bounded by

n—a

i), Faras)
— |x — y|n=edydx
(lBl2 Xk: B JBNAL(x)

x LZ// () + g adydx | =1-11
|BI*> <= /5 JBnac 8k SeLyay B

IR
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The first sum is very easy to handle, since

n—o

. Z// =y dydx ) < Con o IBIS
— x — y|n—edydx < n,o n
|B|? — JB JBnAR)

Concerning the second, we see that

1 n
11 < (W;IBﬂAk(x)l/ng(x)”dx>

an
n

1 R
() o)™
k

1

1 aq “a
o D ) a.(DBnAk(x)ww)
7 < L (B)) |B|2(;—g) T

o
n

o
n

(S

=C(n,a,q)|B|"" (Z ”gk”L (B))>

IA

1

thus
1

f Vi <1o11 < Conag) (Z el (B))>

In order to get the V M O condition, it just remains to prove that
1

] =
im sup (Z . r»)) 0

Oxek

on every compact set K C 2. To do this, we fix r > 0 small enough, and observe that
the function x — ”gk”eq(ﬁ(B(x " is continuous on the set {x € Q : d(x, 9 > r)}, as
a uniformly converging series of continuous functions. As a consequence, there is a point
x, € K (at least for small enough r > 0) such that
SUP 118801 .y = 198 i .2
n n i q i

Now, from [[g|l, 2 Bl = lgell, 2 (BGr.r) and this belongs to £9, we can use dominated
convergence to say that

n ﬂ %
B0 1860 1 2 sy ) = (2 Jim ) )
0 04 (L (B(x,,r))) P =0 \J B(x,,r)

Each of the limits on the term on the right hand side are equal to 0, since the points x, cannot
escape from the compact set K as » — 0. This finishes the proof. O

We now prove Theorem 3.
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Proof of Theorem 3 Given a test function ¢ € C2°(€2) such that supp t_p¢ C 2, we test
the equation with ¢ and 7_j¢, and combine the resulting identities. We have

/(A(x + h, Du(x + h)) — A(x + h, Du), Vo) =

/(AhG, Vo) — /(A(x + h, Du(x)) — A(x, Du(x)), Vo).

Now, by setting
An(x,§) = |h|“ (AGx + h, |h* & + Du(x)) — A(x + h, Du))

and v, = ﬁtl“ , we immediately see that v, is a weak solution of
div Ay (x, Dvy) = div Gy, 5.1
where

1
Gr(x) = G ApG(x) — W (A(x + h, Du(x)) — A(x, Du(x))) (5:2)

As before, Ay, still satisfies (A1), (A2), (A3) with same constants v, L, £ but now u = 0.
We also note that, by virtue of (.44) and the assumption on G, we have G, € in . for almost

every h. Indeed, this is clear for the first term at Eq. 5.2, since by assumption G € B

p.q.loc*
On the other hand, (A4) tells us that

A(x + h, Du(x)) — A(x, Du(x))
||

< (gr(x +h) + gk () (1 + | Du)P)?,

it 27 < |h| < 27,

i)"‘c To see this, use Lemma 6

with p < g and ¢ < p} to see that G € L[ oc» and deduce then that Du € Lf;”c from
Theorem 5 (if p} > 2) or Lemma 14 (if p} < 2 we still have pj < p < pZ). Hence, we

obtain that G, € L? loc
We can use now Lemma 14 at Eq. 5.1. If B is a ball with (2 + |h|)B C €,

Above, gi € La by assumption. Also, (1 + IDu(x)Iz)% eL

1
| DvpllLrgy < Co (g lvellLr 2By + ||Gh||LP(28)> , Py <P < po (5.3)

where rp denotes the radius of B, pg is as in Lemma 14, and the constant Cyp =
Co(n, p,v, L, s) does not depend on h. We now write the above inequality in terms of u,
and then take L9 norm with the measure \il" restricted to the ball B(0, R) on the h-space.
We obtain that

1

‘ ApDu <C
Loy \'B

s
Above, the first term on the right hand side is finite, since Du € Ll’;"*c. In order to estimate
the last term, we write

Apu
||

+||Gh||Lq dh .1 p2B .
La( 1P 2B)) o L7 D

ARG

A(-+ h, Du) — A(-, Du)
||G11||Lq(‘d"11 LP2B) = |h|“

L9( & Lr2B)) ‘ |h|*

L9 (i LP (2B))

Above, the first term on the right hand side is finite, since by assumption G € Bp g.loc

Concerning the second term, denote ry, = 2~ k' R. We write the L4 norm in polar coordinates,
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soh € B(0, R) if and only if 2 = r& for some 0 < r < R and some £ in the unit sphere
$"=1 on R". We denote by do (§) the surface measure on $"=1 We bound the last term
above by

FL

A(-+r&, Du) — A(-, Du) ||?

re

k=0 Y Tk+1 sn—1

o0 Tk L 14q
<27 H 1+ |Dul?)? =
< E /rk+1 /”71 (tre gk + k) (1 + | Dul”) LreB) o(§) "

do(§) ar

LP(2B) r

. — . q
A(-+r&, Du) — A(-, Du) do () dr
LP(2B) r

re

Now, using again that Du € LI‘Z)“C,

(tregk + g0) (1 + [ Dul®)? (1 +|Dul?)?
| <|

L o) | (zre g + 1) ||L%(23>

LP(2B) —
On the other hand, we note that for each & € $"—1 and Tk+1 <1 <1

Iregr + 801, 2 oy = 18K, 2 ey F 18K 2 ) < 28k 3 )

where A =2 + E' Hence

= Cnag) |(1+1Duf?

‘ A(- + h, Du) — A(-, Du)
|h|¥

, I{gxtell,p ;2
Lq(%;u)(z[g)) LPa (2B) ti(La (1B))

1
where C(n, a, q) = 21-a 10g20(S"‘1)5. Summarizing,
1 |ApDu 1 ||Apu
Co | Lq(%;ur(zg)) T rB ||

ALG

o
La( & Lr2B)) H 1% N Lot Lo 28))

1
+ Cn, et @) I+ 1D Wyt ) &KW 2 1,

Lemma 7 now guarantees that Du € B“ and this concludes the proof. O

p.q.loc

The proofs of Theorems 2 and 4 are almost the same.

Proof of Theorem 2 Arguing again as in the proof of Theorem 3, the fact that G = 0 now
tells us that ¢ < p7 is not needed to conclude that G, € szg . for every single p < =, due
to Theorem 5. As a consequence, Eq. 5.3 holds for every p < min{py, g}. The rest of the
proof follows in the same way. O

Proof of Theorem 4 Arguing again as in the Proof of Theorem 3, the new equation Ay, is
now linear w1th VM o coefflclents due to the linearity of A(x, &) as a function of &. A]so

from max{l, } <p<Zwehaveqg < p} <ooandso G € Lloc implies Du € Lloc

+aq
by the results at [14]. Hence, Gh has an Lloc majorant, and thus Dvy, € Lloc again by [14],
since p > 1. In particular, the restriction p < min{py, "} can be replaced by p < g and
the restriction p > p, can be replaced by p > max{l, - +a }. The rest of the proof follows

similarly. O
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